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Pulse-Modulated Control Synthesis for a Flexible Spacecraft
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and
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The describing function method is employed for the nonlinear control analysis and design of a flexible spacecraft
equipped with pulse-modulated reaction jets. The method provides a means of characterizing the pulse modulator
in terms of its gain and phase for structural mode limit-cycle analysis. Although the describing function method is
inherently inexact and is not widely used in practice, a new way of utilizing it for practical control design problems
is presented. It is shown that the approximations inherent in the method can be accounted for as a modeling
uncertainty for the nonlinear control robustness analysis. The pulse-modulated control system of the INTELSAT
5 spacecraft is used as an example to illustrate the concept and methodology developed in the paper. The nonlinear
stability margins predicted by the describing function analysis are verified from nonlinear simulations.

Introduction

TRUCTURAL mode interaction with reaction jet control
systems is a primary concern for the design of future large
spacecraft, including the space station. The nonlinear control
instability in such systems appears in the form of a structural
mode limit cycle caused by thruster chatterings at the struc-
tural mode frequency. Although considerable attention has
been directed toward the control-structure interaction prob-
lems of large space structures, the nonlinear control interac-
tion with flexible modes has not been extensively investigated.
In this paper, a frequency-domain approach is developed
for the design of a pulse-modulated nonlinear control system
of a flexible spacecraft. The approach involves the use of the
well-known describing function method, also known as the
harmonic balance method,'~3 which is basically a frequency-
response technique used primarily to predict limit cycling of
nonlinear systems. Within the last several decades, many
researchers have attempted to improve the accuracy of the
describing function method by establishing new criteria to
approximate the output of a nonlinear device; despite their
efforts, the results are not much used in practice. The reason
is, in part, that the describing function method is inherently
inexact and represents only a first-order approximation of the
gain and phase characteristics of a nonlinear device.

This paper, however, presents a new way to use the describ-
ing function method for designing nonlinear control systems.
Analogs of the classical concept of gain/phase margins are
applied to nonlinear systems to designate nonlinear stability
margins; these margins give the designer a means of measur-
ing the limit-cycling tendency of a control system. The ap-
proximations inherent in the method are interpreted as a
modeling uncertainty for designating the nonlinear stability
margins. The describing function method is not employed
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here as a means of accurately predicting limit-cycling infor-
mation; instead, it is used as a method for characterizing a
nonlinear component in terms of its gain and phase. In most
cases, the control designer is more interested in determining
whether the system will limit cycle as opposed to accurately
identifying the oscillation characteristics (e.g., limit-cycle fre-
quency and amplitude).

Once the pulse modulator is adequately characterized by
the describing function, the designer can iteratively synthesize
a linear compensator and/or pulse modulator such that suffi-
cient margins, with respect to limit-cycling condition, are
attained. The proposed concept and methodology are applied
to the design example of the INTELSAT 5 spacecraft
equipped with a reaction jet attitude-control system. The
interaction of the spacecraft’s flexible solar arrays with the
pulse modulator has been a major concern.** Such interaction
appears in the form of structural mode limit cycling. Control
design examples for the INTELSAT S spacecraft are pre-
sented in order to illustrate the usefulness of the concept and
methodology in avoiding the structural model limit cycling.

Pulse Modulation

Pulse modulation represents the control logic behind reac-
tion jet control systems of various spacecraft. Unlike other
actuators, such as reaction wheels, thruster output consists of
two values: on or off. Proportional thrusters, whose fuel
valves open a distance proportional to the commanded thrust
level, are not employed in practice. Mechanical considerations
prohibit proportional valve operation largely because of dirt
particles, which prevent complete closure for small valve
openings; fuel leakage through the valves consequently pro-
duces opposing thruster firings. Pulse-modulation techniques
have been developed that fully open and close the fuel valves
while producing a nearly linear duty cycle. In general, pulse
modulators produce a pulse command sequence to the

Fig. 1 Spacecraft on-off control system with Schmitt trigger.
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thruster valves by adjusting the pulse width and/or pulse
frequency.

Several commonly used, flight-proven pulse modulators are

discussed in this section. Brief descriptions and static charac-
teristics are given for each modulator. The pulse frequency of
these modulators is usually fast compared to the spacecraft
attitude-control bandwidth, and the static characteristics are
often used for the modulator design.

Schmitt Trigger

- Strictly speaking, this device, which is often called a relay
with deadband/hysteresis, is not a pulse modulator. A phase-
plane controller that is basically Schmitt trigger logic is used
on the Space Shuttle reaction control system (RCS).® The
advantage of this device, as opposed to other pulse modula-
tors, is its simplicity. A disadvantage of the Schmitt trigger is
the dependence of its static characteristics on. the spacecraft
inertia. The schematic shown in Fig. 1 depicts a simple rigid
spacecraft attitude-control system. The equation of motion
for the spacecraft is simply given by

B=Tu+w ey

where
I = spacecraft inertia, kg m?
u = Schmitt trigger output, 0 or £ 1
T,=control torque level, Nm
w = disturbance torque, Nm

The rigid-body limit-cycling characteristics of this system can
be obtained as in Ref. 7,

Ih

A =
T, 2
A _ Tc(uon+uoﬂ')+12h2 (3)
N 2 8t
Uon t Uy Th
P=4t| ———— +— 4
'( o 2:2> )
where
h & Uop — Uogt

7 = switching line slope

Also, A is defined as the Schmitt trigger minimum puise
width, 4 the limit-cycle amplitude, and P the limit-cycle
period. Note that the Schmitt trigger minimum pulse width
depends on spacecraft parameters: the spacecraft inertia and
thrust level. These parameters tend to change over time; as a
result, the minimum pulse width will vary as well. Knowledge
of the spacecraft properties is therefore required to determine
the thruster minimum pulse width.
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Pulse-Width Pulse-Frequency Modulator

The pulse-width pulse-frequency (PWPF) modulator has
been used in the control systems of such spacecraft as the
Agena satellite,® INTELSAT 5, INSAT, and ARABSAT.?
The device, as shown in Fig. 2, comprises chiefly two compo-
nents: a first-order lag filter and a Schmitt trigger inside a
feedback loop. With a constant input, the PWPF modulator
drives the thruster valve with an on-off pulse sequence having
a nearly linear duty cycle with the input amplitude. The
duty-cycle or modulation factor is defined as the average
output of the modulator. The static characteristics of the
PWPF modulator are summarized as follows:

Ton=—T, fﬂ{(l —Ef)fd(; iEl)- l)} )
Tam = T taf 2t ®)
e ™
A=—Tm{’n<1——kh—m)z% (8)

where T,, is the thruster pulse width, T4 the thruster off-
time, f the pulse frequency, and E the static input magnitude;
E,=u,,/K,, which is the equivalent internal deadband, and
the duty cycle is given by fT,,.

In contrast to the Schmitt trigger, the static characteristics
of the PWPF modulator are independent of the spacecraft
inertia because of the feedback loop within the device. The
presence of the filter and the feedback loop, however, inhibits
linear analysis of the device’s dynamic characteristics.

Derived-Rate Modulator

The derived-rate and PWPF modulators are similar in
format, as seen in Fig. 3, except that the first-order filter now
compensates the Schmitt trigger output in the feedback path.
The device is used in much the same way as the PWPF
modulator eéxcept that the derived-rate modulator introduces
phase lead into a system as opposed to the PWPF modulator,
which is a phase-lag device. The static characteristics, shown
here, are similar to the PWPF modulator:

h
e e
h
Tor=Tpln| 1 4+ (10)
P (11)
B T0n+ Toﬂ‘
AnHm (12)

”m

where the duty cycle is given by fT,,. The derived-rate
modulator is as difficult as the PWPF modulator to analyze in
a limit-cycling situation. As a result, the describing function
method may be employed to characterize the modulator in
terms of its gain and phase.

Pulse-Width Modulator

The pulse-width modulator (PWM) differs from the modu-
lators discussed previously in that it is essentially a discrete-
time device; the PWPF and derived-rate modulators can be
digitally implemented but are usually analyzed as continuous-
time systems. The PWM, shown in Fig. 4, is to be used in the
orbital maneuvering vehicle RCS.°

The output of this particular device is not a thruster firing
state as in the previously described devices; instead, the PWM
output is thruster pulse width. A zero-order-hold (ZOH)



1016 ANTHONY, WIE, AND CARROLL

device transmits that signal to the thrusters. The value d,
represents the minimum pulse width of the system; this dead-
zone is directly proportional to the attitude deadband. The
value d, represents the maximum pulse width of the RCS; it is
equivalent to the microprocessor sampling period. As a result,
the pulse frequency and the minimum pulse width of the
modulator are fixed; a thruster firing command is given
during every microprocessor sampling period even if the pulse
is of zero width.

The delay in the feedback loop introduces damping to the
system; maximum damping occurs when the feedback signal
is smaller than the PWM input. If the input signal is not
greater than the feedback signal, the modulator may limit
cycle itself. This criterion enables the designer to determine
the feedback gain K. The feedforward gain K, is selected as
a result of the minimum pulse criterion.

Describing Function Analysis for Pulse Modulators

A proper selection of the modulator parameters, based on
its static characteristics, does not guarantee the closed-loop
stability of the control system. The pulse modulator, being a
nonlinear device, cannot be adequately analyzed through the
application of linear analysis techniques. Still, the designer
must be concerned about linear compensator design, linear/
nonlinear stability margins, and structural mode limit cycling.
These problems can be approached by using the describing
function method to characterize the pulse modulator in terms
of its gain and phase.

In the describing function analysis, it is assumed that the
fundamental harmonic component of the output is significant
when the input to a nonlinear element is sinusoidal. The
describing function of a nonlinear element is then defined to
be the complex ratio of the fundamental harmonic component
of the output to the input sinusoid; that is,

NXw) = (Y, /X)e (13)

where
N = describing function
X = sinusoidal input amplitude
o = frequency of input sinusoid
Y, = amplitude of the fundamental harmonic
Y, /X = describing function gain -
¢ =describing function phase

Calculation of the describing function involves a conven-
tional Fourier series analysis to obtain the fundamental com-
ponent of the output. Y, and ¢ may then be expressed as

Y,=/A*+B* (14)

¢ =tan='(4,/B,) (15)
where
1 2n
A= - J y(Hcos(wt)d(wr) (16)
0
2
B, = -71; J y(®sin(w)d(wr) (17
0

¥(f) = output of the nonlinear device

If the nonlinear element can be adequately characterized by
the describing function N(X,w), the loop transfer function of
a negative feedback control system is simply given by
NX,w)G( jw), where G(jow) is the frequency-response func-
tion of the linear components of the loop. Thus, the study of
limit-cycle stability involves an investigation of the following
equation:

1+ N(X,0)G(jo) =0 (18)
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or
G(jo) = —1/N(X,0) (19)

Equation (19) is often called the harmonic balance equation.
The main advantage of the describing function method using
Eq. (19) is its simplicity. For example, we simply plot the
—1/N locus and the G(jw) locus. If two loci intersect, the
system may exhibit a limit cycle, which is characterized by the
amplitude X and frequency w. Note that the amplitude and
frequency of the limit cycle indicated by the intersection of
—1/N locus and G(jw) locus are approximate values. Fur-
thermore, if they intersect tangentially, the system may not
actually exhibit a limit cycle.

Figure 5 shows a —1/N(X,0) locus for a PWPF modulator
in the gain-phase plane. Because the modulator describing
function is dependent on w, a limit cycle occurs only if the
frequencies of the two curves are equivalent at the intersection
point.

The INCA program was used to create the —1/N(X,w)
locus in Fig. 5.1° INCA has been enhanced to allow the
calculation of describing functions as well as inclusion of the
—1/N(X,w) locus in the frequency domain as in Fig. 5. To
calculate describing functions for devices such as the PWPF
modulator for which the describing function cannot be ex-
pressed analytically, INCA solves Egs. (16) and (17) for
steady-state output. All of the —1/N(X,w) loci in this paper
were constructed using the enhanced INCA software.

The describing function of the modulator is made up of two
components: 1) the minimum-amplitude line, the vertical line
on the right side of the curve set, and 2) the roughly horizon-
tal lines that constitute the —1/N(X,w) loci for different
values of frequency. The constant-frequency lines are a func-
tion of amplitude X. In the INCA program, these curves are
calculated, for a given input amplitude, only as long as the
modulator output contains just two opposing pulses with a
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Fig. 6 PWPF modulator region of uncertainty for —1/N(X,w) loci.

frequency . When the input amplitude is increased, the
width of each output increases until a point is reached at
which the modulator produces more than two opposing
pulses per cycle. These extraneous pulses prevent meaningful
representation of the modulator output with a single har-
monic sinusoid. As a result, all discussions of PWPF modula-
tor describing functions in this paper refer to single-pulse
output.

The describing function method is most useful when a
realistic sinusoidal model of the pulse output is used to
determine gain and phase change of a nonlinear device. It is
difficult, however, to determine a criterion that best represents
the pulse output in sinusoidal form. A popular representation
is the fundamental harmonic of a Fourier series. However, the
fundamental Fourier harmonic is only the first term of an
infinite-order series. It is difficult to consider the fundamental
Fourier harmonic the best approximation without acknowl-
edging the contribution of the higher harmonics.

The gain and phase characteristics of a describing function
depend on the method defined to approximate the periodic
nonlinear output with a sinusoid of the same frequency.
Several other types of describing function methods have been
proposed in the literature. A method that is treated in this
paper involves approximating the modulator pulse signal with
a sine curve of equal area. The first integral of torque with
respect to time is total angular momentum; therefore, two
torque profiles of equal area will impart identical impulses to
a linear plant. ,

Calculation of the area-matching describing function for
the PWPF modulator is computationally simple. The area of
a modulator pulse 4, integrated from 0 to n/w, is simply A,
where A is defined as the modulator output pulse width. The
area of a sine curve over the same period is 2Y, /o, where Y,
is the area-matching sinusoid amplitude and « is the fre-
quency of both the sinusoid and pulse signal. Equating these
two relations yields

Y, =— (20)

The amplitude of the Fourier fundamental harmonic Y, can
be found by solving Egs. (16) and (17) and substituting into
Eq. (14):

4 wA\ 4
Y =—si —_— = i
| sm( 5 ) - sin(Y,) 21

n

Equation (21) states that for small values of Y, Y, differs
from Y, by a factor of 2.1 dB, as displayed in Fig. 6. This
value can be interpreted as the uncertainty of the actual
modulator gain. The modulator gain obviously depends on
the criteria used to treat the output signal. As a result, the
designer can utilize a region of gain uncertainty, instead of a
single —1/N(X,w) locus, to evaluate the limit-cycling ten-
dency.

Another approximation method!! also involves sinusoidal
input to the nonlinear device. Similarly to the area-matching
technique, the root-mean-square (rms) describing function
method expresses the gain of a pulse-modulating device as a
function of the pulse area. It has been used in evaluation of
systems that contain odd-valued nonlinear devices.

In this procedure, the curve-approximating criterion spe-
cifies that the sinusoidal output have the same rms value as
the actual modulator ouput. This is similar to Egs. (14—17) in
that the describing function gain |N(X,w)n| is defined as

f " DO dot
IN(X,0)ms| = | 552 (22)
j [X sin(w?)]? dwt

For a pulsed output, the amplitude of the output sinusoid is

A
Yoo = [224 23)
A

Note that the rms output sinusoidal amplitude is greater than
that of the area-matching and fundamental harmonic approx-
imations; the reason is that Y., > Y, for A < 1. In fact, for
small values of w A, such that sin(wA) r @ A, Y, =2Y2..

For non-pulse-modulated systems, it can be difficult to
evaluate the numerator of the right-hand side of Eq. (22). If
¥(?) is assumned to be the superposition of an infinite number
of harmonics, the evaluation of the equation is formidable.
For example, Eq. (22) would be evaluated as

VO3+Yi+Yi+ 4+ V3, +- -

lN(Xaw)rmsl = X

(24)

or

Yoms =/ Y3+ Y3+ Y24 4+ Y3, 4+ (29)

where Y,,_, represents amplitude of the odd Fourier har-
monics. As a result, some authors have employed a corrected
rms describing function method based on the rms approxima-
tion. In this technique, only the first two odd harmonics are
used in evaluation of a describing function. As a result, the
corrected rms describing function is expressed as

2 2
N g| = LT3 (26)

X

where

From inspection of Eq. (26), it is obvious that Y, _ .. < Y.

As mentioned previously, evaluation of the pulse-modula-
tor gain is not accomplished accurately using the describing
function method. Table 1 summarizes the different gain ap-
proximations of a pulse-modulator output. There are valid
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" Table 1 Describing function amplitude comparison

Describing function method Sinusoidal amplitude

. 4 (oA
Conventional Y, =—sin{ —
n 2
. wA
Area-matching Y, = >
20A
Root-mean-square (rms) Yims = =
4 . L A L., 3wA
Corrected rms Yo e =— |80 — |+ sin
. n 2 9 2

physical justifications for the use of each of the different
modeling methods. The fundamental flaw in each procedure,
however, is the necessity to approximate a discontinuous
pulse signal with a single-harmonic sine wave. This is the
feature of describing function theory that inhibits its useful-
ness in accurately predicting limit-cycle behavior.

The describing function phase can be obtained directly
from Eq. (15). Because INCA calculates only output contain-
ing two pulses per cycle, the phase lag of the Fourier sinusoid
exactly matches that of the modulator output. This analogy is
not readily evident when the modulator produces multiple
pulses per cycle; in this situation, the pulses often occur
irregularly throughout the firing period prohibiting any evalu-
ation of describing function phase.

Figure 6 represents an evaluation of the modeling methods
for a PWPF modulator discussed earlier. As displayed in the
figure, the disparity in location of the curves is evidence of the
disagreement of the methods outlined in Table 1. What is
important to realize is that the methods are in relative agree-
ment; they all lie wihtin a few decibels of one another. As a
result, the different values of gain describe a region on the
Nichols plot that is depicted in Fig. 6. If it is acknowledged
that the approximation methods presented in Table 1 have
some physical justification, the dashed area can be referred to
as a region of describing function uncertainty. This region can
be defined on the Nichols plot, which loosely designates the
modulator’s — 1/N(X,w) locus. Instead of using this informa-
tion to predict limit-cycle behavior, the designer can use this
plot to measure a control system’s tendency to limit cycle. In
practical cases, avoidance of the limit cycle is more important
than predicting its oscillation characteristics.

A system whose G( jw) locus passes through this region has
a greater chance of exhibiting a sustained oscillation. It is
apparent that the actual boundaries of the region depend on
the parameters of the pulse modulator. The describing func-
tion uncertainty region is only an approximation in itself;
uncertainties in modeling the pulse modulator prevent any
confidence in the gain boundaries. Therefore, a system whose
frequency response is horizontal in the vicinity of the —1/
N(X,w) locus has a smaller chance of actually passing through
the region; these systems tend not to experience limit cycles.
Conversely, frequency-response curves that are nearly vertical
in the vicinity of the gain uncertainty region tend to experi-
ence limit-cycle oscillation. This phenomenon is depicted in
Fig. 6.

As a result, the describing function uncertainty region can
be a useful tool in robust compensation design for pulse-mod-
ulated control systems. A designer can synthesize linear com-
pensation such that the G(jw) locus avoids the uncertainty
region of —1/N(X,w) locus as much as possible.

Nonlinear Control Design Methodology
The design methodology presented in this section employs
the describing function method to characterize a nonlinear
element in terms of its gain and phase. The conventional
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describing function analysis emphasizes an accurate predic-
tion of the limit-cycle amplitude and frequency. The control
system designer, however, is more concerned with the avoid-
ance of the limit cycle than its accurate analysis. A methodol-
ogy is developed here to aid the control designer in avoiding
repetitive computer simulation in the process of pulse-modu-
lated control system design.

The following six steps can be used as a guideline for on-off
control system design for flexible spacecraft.

1) Rigid-body mode stabilization: For this step, the effect of
the pulse modulator on the system is ignored. The type of
compensation for rigid-body mode control depends on the
control bandwidth or settling time requirement. In general, a
phase-lead filter is used when direct rate feedback is not
possible. The pole and zero locations of the phase-lead filter
should be chosen properly in order to attenuate high-fre-
quency noise.

2) Pulse-modulator synthesis: Usually, the type of pulse
modulator is fixed as a result of previous spacecraft design.’
Certain factors that must be considered in the modulator
design include case of hardware/software implementation,
stabilization requirements of flexible modes, and the modula-
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tor static characteristics (i.e., minimum pulse width, duty
cycle).

3) Linear analysis and structural mode stabilization: By
neglecting the presence of the pulse modulator, linear analysis
methods such as root locus and frequency response enable the
control designer to investigate the linear stability of the
flexible modes. Higher-order filters may be necessary, in addi-
tion to the rigid-body mode controller, to compensate for
unstable flexible modes.

4) Describing function analysis: Gain and phase characteris-
tics of the nonlinear controller can be obtained through the
describing function method. The effects of the linear compen-
sation developed in step 3 can be evaluated by observation of
the proximity of the —1/N(X,w) and the G(jw) loci. By
employing describing function analysis, further linear stabi-
lization can be developed, in an iterative manner, which will
provide sufficient separation between the two loci in the
frequency domain; this separation will insure robustness of

Table 2 Compensator parameters

Rigid-body controller Structural filter

Case 1 T, = . N/A
T,=0.2
Case 2 T, = z=3.0(,=03
T,=02 p=401¢(,=03
Case 3 T, = z=34 {,=0.002
7,=02 p=34¢(,=
Case 4 Ty = z=3.6 {,=0.002
T,=02 p=36(,=1
Yaw Angle (degq)
1.5 —
1.0 —
-
.5
0o —
LI R R Y A O B A
0 20 40 60 80 100
Time (sec)
Yaw Rate (deg/sec)
.3
.2
.1
0
-.1
[T T T T T I [Ty rrr 1T
0 20 40 60 80 100
Time (sec)

the system in terms of structural limit cycling. This technique
gives the designer a feeling for the system’s tendency toward
limit cycling, something that nonlinear simulations do not do.

5) Nonlinear simulation: The results in step 4 can be ver-
ified by a numerical simulation. The existence of a structural
mode limit cycle, as well as approximate nonlinear stability
margins, can be verified in this step.

6) Linear analysis iteration: If the designer is not satisfied
with nonlinear stability margins or the possibility of limit
cycling, the design process can be repeated from step 3 by
altering or adding to the linear compensation. If needed, the
pulse modulator itself can be modified to further increase the
nonlinear stability margins.

Applications of Computer-Aided Design

A generic example of a nonlinear control system of flexible
spacecraft, shown in Fig. 7, is investigated here to demon-
strate the concept and methodology developed in the paper.
The control system consists of three elements: the flexible
spacecraft, the attitude sensor, and the controller. The sensor
is modeled as a sample and ZOH device that introduces phase
lag into the control loop. The controller is composed of linear
compensation and a pulse-modulation logic. The linear com-
pensation consists of a phase-lead filter for rigid-body mode
stabilization and a structural filter for flexible mode compen-
sation.

Except for the structural filter and digital control imple-
mentation, the control system parameters are derived from
the INTELSAT 5 yaw axis control system*; however, most
spacecraft with digital control systems can be represented in
this format. A nonlinear instability, which can arise from the

U Command

3—-.
2 o
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Fig. 9 Case 1 digital simulation.
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Fig. 10 Case 2 describing function analysis.
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interaction of the pulse modulation with the flexible structural
modes, was of primary concern for the INTELSAT 5 control
system design; however, it will be shown that a robust nonlin-
ear control system can be synthesized through use of classical
linear compensation techniques.

Four different compensation schemes, consisting of differ-
ent combinations of the phase-lead filters and structural
filters, are discussed in this section. The filter parameters are
given in Table 2. In case 1, the linear compensation consists
of a lead filter without any structural filtering. The filter has
the effect of phase stabilizing the rigid-body mode and the
structural modes. Figure 8 contains several gain-phase plots;
the leftmost plot shows the G(jw) and —1/N(X,w) loci. The
spacecraft’s three flexible modes are visible with portions of
the G(jw) locus in the vicinity of the —1/N(X,w) locus. The
frequencies of the upper and lower curves on the —1/N(X,w)
locus are 3 and 4 rad/s, respectively, which correspond to the
frequency range of the dominant mode. The phase separation
between the second mode and the minimum amplitude line of
the —1/N(X,w) locus is less than 15 deg.

A time delay is used to evaluate the phase margin of the
control loop. By combining time delay model with the com-
pensation, the G(jw) locus can be shifted to the left, creating
an intersection with the —1/N(X,w) locus of the PWPF
modulator. A second-order Padé approximation of a pure
delay given by

_ 1=(Ts/2) + (Ts%/12)
T 14 (Ts/2) + (Ts?/12)

—7Ts
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Fig. 11 Case 2 digital simulation.
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is used, where the delay time T is found by the relation

O
T= 57.30

27

where w (rad/s) is the frequency of the point of the G(jw)
locus close to the —1/N(X,») locus and ¢,, is the phase
margin in degrees. The smallest value of ¢,, that causes an
intersection is defined as the nonlinear phase margin. The
lower right-hand plot depicts the introduction of a 100-ms
delay at 3.5 rad/s; the corresponding phase lag, according to
Eq. (27), is 20.1 deg. Note that the second mode now crosses
the —1/N(X,w) locus. The frequency of the G(jw) locus near
the describing function plot is close to 4 rad/s, making a limit
cycle at that frequency possible. Note the nearly orthogonal
crossing of the G(jw) locus with the — 1/N(X,w) locus which,
as mentioned previously, increases the accuracy of the de-
scribing function analysis.

Figure 9 shows the results of a nonlinear simulation of the
case 1 compensation with the additional 100 ms delay. As
predicted, a limit cycle is evident in all four states displayed in
the figure. The rigid-body mode is sufficiently damped, but
the second flexible mode experiences a structural limit cycle.

The nonlinear phase margin of the system with case 1
compensation is less than 15 deg, which may not prove suffi-
cient in actual operation; increasing the nonlinear phase mar-
gin will further decrease the chance of structural limit cycling.
This can be accomplished by introducing phase lead into the
system. As a result, the case 2 compensation contains a
phase-lead structural filter in addition to the lead filter for the
rigid-body mode stabilization. A filter that would introduce
significant phase lead between the frequencies of 3 and 4 rad/s

was desired; the generalized structural filtering approach was +

employed to select the minimum-phase lead filter.'? Figure 10
details the G(jw) and —1/N(X,w) loci for case 2. It can be
seen that the nonlinear phase margin has roughly doubled
from case 1 to 30 deg. Addition of the 100-ms delay does not
result in an intersection between the curves; there is still a
10-deg phase difference between the —1/N(X,w) and the
G(jw) loci. Therefore, no limit cycle is predicted from describ-
ing function analysis.
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Fig. 12 Case 3 describing function analysis.
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Fig. 13 Case 4 describing function analysis.

From Fig. 11, it can be seen that there is indeed no limit
cycle; the yaw angle output contains gradually decreasing
flexible mode excitation. No high-frequency thruster firings
are evident; the low-frequency steady-state pulses that are
visible depict the rigid-body mode limit cycle.

The case 2 compensation represents a method of phase
stabilization of the nonlinear system; an alternative method of
stabilization is gain stabilization. Along with the phase-lead
filter from case 1, case 3 contains a minimum-phase notch -
filter. This notch filter provides a sharp gain attenuation at
3.4 rad/s. As evidenced by the mark in the right-hand plot in
Fig. 12, there is a wide separation between the —1/N(X, w)
iocus and the 3.5-rad/s point on the G(jw) locus; as a result,
the system has a large nonlinear phase margin. As predicted,
the addition of the 100-ms delay does not provide enough
phase lag to allow the curves to cross. The utility of the case
3 compensation is, however, misleading as a result of the wide
phase margin apparent in the system. The disparaging phase
characteristics of the notch filter undermine its suitability as a
gain-stabilizing device. The case 4 compensation resembles the
filters used in case 3 except that the notch filter pole and zero
lie on the opposite side of the 3.5-rad/s mode. This demon-
strates the effect of structural mode uncertainty on a control
system. The notch filter is not an example of robust compen-
sation because of the linear instability that could arise from
structural pole or zero uncertainty; case 4 could represent an
analogous situation in the nonlinear sense. As a result of the
notch frequency mismatching, the —1/N(X,w) and G( jw) loci
intersect as shown in Fig. 13.

Conclusions

A new way of using the describing function method for
pulse-modulated control system design has been presented.
Emphasis was given to the inherent modeling uncertainty of
the describing function method. It was shown that if —1/
N(X,w) and G(jw) loci intersect almost perpendicularly, the
gain uncertainty for the pulse modulator does not prevent the
use of the describing function method as a tool for predicting
nonlinear instability. The INTELSAT 5 spacecraft was used
as an example to demonstrate the concept and methodology
developed in the paper.
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